Gravitational waves are perturbations of the metric of space-time. Six polarizations are possible, although General Relativity predicts that only two such polarizations, tensor plus and tensor cross are present for gravitational waves. We give the analytical formulas for the antenna response functions for the six polarizations which are valid for any equal-arm interferometric gravitationalwave detectors without optical cavities in the arms. The response function averaged over the source direction and polarization angle decreases at high frequencies which deteriorates the signal-to-noise ratio registered in the detector. At high frequencies, the averaged response functions for the tensor and breathing modes fall of as 1/f 2 , the averaged response function for the longitudinal mode falls off as 1/f and the averaged response function for the vector mode falls off as ln(f )/f 2 . *
I. INTRODUCTION
The discovery of gravitational waves (GWs) by the Laser Interferometer Gravitational-Wave Observatory(LIGO) Scientific Collaboration and the Virgo Collaboration started the new era of multimessenger astronomy and opened a new window to test general relativity and probe the nature of gravity in the strong field regime [1] [2] [3] [4] [5] [6] [7] . GWs propagate with the speed of light transverse to the direction of propagation and they have only two tensor polarizations in the theory of general relativity. Due to the possible existence of extra fields, GWs in alternative theories beyond general relativity may have up to six polarizations [8] [9] [10] [11] [12] [13] , so the nature of gravity can be probed by the detection of the polarization content of GWs. To detect the polarization content of GWs and probe the nature of gravity, more detectors are needed. The ground-based detectors, such as Advanced LIGO [14, 15] , Advanced Virgo [16] and KAGRA [17, 18] , operating in the high-frequency band (10-10 4 Hz), will form a network of detectors to probe the polarizations of GWs. The proposed space-based detectors such as LISA [19, 20] , TianQin [21] and TaiJi [22] probe GWs in the frequency band of millihertz, while DECIGO [23] operates in the frequency band of 0.1 to 10 Hz. The LIGO/Virgo collaborations found that the pure tensor polarizations were favored against pure vector and pure scalar polarizations [4, 24] .
For ground-based detectors, the physical arm length of the detector is always shorter than the wavelength of in-band GWs (with frequencies up to 10 3 Hz). When the wavelength of GWs becomes comparable or even shorter than the physical arm length for the space-based detectors, a deterioration of the signal-to-noise ratio (SNR) registered in the detector occurs due to the decrease of the antenna transfer function at high frequencies. It was pointed out that large systematic biases will be introduced if neglecting the frequency-dependent response for the third generation ground-based detectors [25] . Considering the case that the physical arm length is comparable to the wavelength of GWs, the angular and frequency response of LISA in the ecliptic coordinate system was derived in [26, 27] . In the wave coordinate system, a simple analytic formula for the averaged response function for the tensor mode was obtained and the sensitivity curve for space-based detectors was discussed in [28] .
For the discussion on the coordinate systems, please see Refs. [29, 30] . The sensitivity with various power spectra of noises to different polarizations in different frequencies for LISA was studied in [31] . There are also discussions on the response functions of arbitrary polarizations for other detectors satisfying the low frequency limit [32] [33] [34] . In [35] , the author analyzed the angular and frequency behavior and the sensitivity patterns of the responses for arbitrary polarizations with different detector designs. For more discussions on the construction and use of sensitivity curves for LISA, please see Ref. [36] .
Apart from compact binary coalescence, stochastic gravitational wave background is another important source for gravitational wave detectors. Although the stochastic gravitational wave background has not been detected yet, it can be used to probe the Universe at very early times. To characterize the stochastic gravitational wave background, the cross correlation between two detectors and the complete analyses of the noises are needed [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . For different sources, it is possible to measure the polarizations by combining a network of detectors [50] [51] [52] [53] . The analyses of stochastic gravitational wave background with data from the two LIGO detectors show no evidence of any polarization and the 95% limits are
and Ω S 0 < 1.08 × 10 −7 at a reference frequency f 0 = 25 Hz [54] .
Although there are lots of discussions on the frequency dependence of the antenna response functions for different polarizations [35] , but there still lack similar analytic formulas for non-tensorial polarizations. In this paper, we extend the analysis of the frequency response for the tensor mode in [28] and derive the analytic formulas for the averaged antenna response functions for non-tensorial polarizations. We also discuss different coordinate systems and the independence of the results on different coordinate systems. Due to the modulations of the observed signal by the orbital motion of LISA, we can locate the sources of GWs [29, 55] . For TianQin, the current plan is for the detector plane to always point in the same direction, the frequency and angular response for TianQin needs to be discussed in detail, so we use the proposed TianQin as an example although the results of this paper are applicable to any equal-arm interferometric GW detectors without optical cavities in the arms.
The paper is organized as follows. In Sec. 2A, we present the basic configurations of TianQin and LISA, the polarization tensors are briefly discussed in Sec. 2B and the basic property of the response function and its behaviour at the low frequency limit in the detector frame are discussed in Sec. 2C. The angular antenna responses for different polarizations for TianQin and LISA in the ecliptic frame are discussed in Sec. 3. In Sec. 4, the averaged response functions for different polarizations in the wave frame are derived and the sensitivity curves for TianQin are presented. We conclude the paper in Sec. 5. The orbits for LISA and TianQin are discussed in Appendix A, the coordinate systems and their relationships are discussed in Appendix B.
II. BACKGROUND

A. The configurations of TianQin and LISA
TianQin is formed by three identical drag-free spacecrafts in an equilateral triangular constellation with sides of approximately 1.7 × 10 5 km orbiting around the Earth with a period of 3.65 days. The detector plane is fixed and initially designed towards to the source J0806.3+1527. LISA's three spacecrafts orbit the Sun in a nearly Earth-trailing orbit and their relative orbits define an equilateral triangle with sides of 2.5 × 10 6 km and a period of 365.2422 days. The detector plane is inclined 60 • with respect to the ecliptic plane. That means the normal vector of LISA's detector plane will span a circular cone in one year with an angle of β = 60 • between the cone surface and the z axis of the ecliptic plane, while the normal vector of TianQin's detector plane does not change with time as shown in Fig. 1 . TianQin points to the direction of J0806.3+1527 located at (θ tq = 94.7 • , φ tq = 120.5 • ).
B. The polarization tensors
We use a set of unit vectors {p,q,ŵ} which are perpendicular to each other to form an orthonormal coordinate system such thatŵ = −Ω is the propagating direction of GWs and w =p ×q. HereΩ is the direction of the source. There is a rotational degree of freedom for the choices ofp andq aroundŵ axis, which depends on the orientation of the source and is referred as the polarization angle ψ, m = cos ψp + sin ψq,n = − sin ψp + cos ψq.
(1)
The unit vectorsp andq can be fixed by choosing a convention, for the choice of a particular convention, please see Refs. [49, [56] [57] [58] . Thus, we use {m,n,ŵ} to define the six polarization tensors as follows
(2)
C. The response function
The signal for a single round-trip in the arm of the interferometric GW detector without optical cavities is defined as
where A = +, ×, x, y, b, l stands for the six polarizations, h A (t) is the input signal of GWs, and F A is the angular response function for polarization A
The detector tensor D ij is given by
Here sinc(x) = sin x/x, f * = c/(2πL) is the transfer frequency of the detector and L is the arm length of the detector. Note that in the low frequency limit f f * , we have T (f,û ·ŵ) → 1. It is obvious that the angular response function is a complex scalar under the three-dimension coordinate rotation, thus we can calculate it in any coordinate system.
We also introduce the angular response function F t for the combined tensor mode
and the angular response function F v for the combined vector mode,
Since the detector tensor is symmetric, using Eq. (1), we obtain
so the angular response function for the combined tensor mode is independent of the polarization angle ψ. Similarly, one can show that the angular response functions for the combined vector, breathing and longitudinal modes are also independent of the polarization angle ψ. Furthermore, when averaging over the polarization angle ψ, it is easy to verify that
and
In low frequency limit, T → 1, we get the angular response functions for different polarizations in the detector frame (the frequency dependent results are presented in appendix B.)
where γ is the angle between the two arms of the detector, (θ d , φ d ) are the coordinates of the location of the source in detector frame and ψ is the polarization angle. If the detector arms are separated by γ = π/2, then we recover the angular response function for second generation ground-based detectors such as Advanced LIGO. It is clear that, up to a minus sign, the angular response functions for the breathing mode and the longitudinal mode are degenerate in the low frequency limit. However, the response functions for the breathing and longitudinal modes become totally different at high frequencies (see appendix B for details).
In the low frequency limit, the angular response functions for the combined tensor and the combined vector modes are:
Based on these results, we find the locations of the minima and maxima of the response functions. In the detector frame, when θ d = {0, π}, we get |F t | max = sin γ, when
{π/4, 3π/4, 5π/4, 7π/4}, we get |F v | min = 0; When θ d = π/2 and φ d = {π/4, 3π/4, 5π/4, 7π/4},
III. THE ANGULAR ANTENNA RESPONSE
The critical frequency corresponding to the transfer frequency f * = c/(2πL) is 0.28Hz
for TianQin, and 0.019Hz for LISA. As long as the frequency of GWs is well below f * , the response function for interferometric GW detectors without optical cavities is independent of frequency as seen from Eqs. (12)- (16) . When the wavelength of GWs is comparable with or shorter than the arm length L of the detector, the antenna response function starts to decrease with the frequency which deteriorates the detector's performance. In this section,
we show the effect of the orbital motion of the detector on the antenna response function.
The detailed orbital motions are presented in appendix A. We choose the frequency 0.01Hz
for TianQin and 0.001Hz for LISA to compare their responses. Following [49] , in ecliptic coordinates we present the angular response function in Mollweide projection. Three graphs with the time interval of one third of the orbital period of the detector (1.22 day for TianQin and 4 months for LISA) are shown for each polarization mode. In Fig. 2 , we show the angular response for the combined tensor mode. As explicitly shown in Eq. (17) and discussed in the last section, in the low frequency limit, the response function reaches the maximum (shown as the two red patches in which is exactly opposite to the tensor mode. There are four more insensitive regions along the direction of the detector plane, which are located between the sensitive regions. In Fig.   3 , we show the angular response for the combined vector mode.
From Eq. (16), we see that the four most sensitive regions for the breathing/longitudinal mode are exactly the insensitive regions for the vector mode. We show the angular response for the breathing/longitudinal mode in Fig. 4 .
Finally, we compare the frequency dependence of the TianQin's response function for the breathing and longitudinal modes. Three different frequencies of 0.01Hz, 0.1Hz and 0.5Hz are chosen. The results are shown in Fig. 5 . It is obvious that the degeneracy between the breathing and longitudinal modes are broken at high frequencies.
IV. THE AVERAGED RESPONSE FUNCTION AND THE SENSITIVITY CURVES Generally, we do not know where GWs come from, so we average over the source locations and the polarization angles to investigate how the detector responds to different polarizations in different frequencies and obtain the respective sensitivity,
The averaged response function R A (f ) relates the power spectral density of the incident gravitational wave signals to the power spectral density of the signal recorded in the detector.
In the ecliptic coordinate system, the averaged response function is given by
where A = +, ×, x, y, (θ e , φ e ) and ψ e are the direction and the polarization angle of the source, respectively. As discussed in the last section, the tensor, vector, breathing and longitudinal modes are independent of the polarization angle ψ e , so we average the source direction (θ e , φ e ) only,
where A = t, v, b, l. Using Eqs. (10) and (11), we get In the detector coordinate system, the averaged angular response function is given by
where A = t, v, b, l. In the low frequency limit, inserting Eqs. (16) (17) (18) into the above Eq.
(23), we get
Since in the detector coordinate system, the detector is fixed while the source is moving, it is clear that after averaging over all source locations, the angular response function is independent of time if the arm length and the opening angle γ between the two arm keep In the wave coordinate system, the averaged angular response function is given by
where A = +, ×, x, y, b, l, and the angles θ 1 , ψ 1 and are defined in appendix B. Following [28] , substituting Eqs. (B14-B19) to Eq. (26), we derive the expressions of the averaged response functions for all six polarizations as
R l (f ) = 1 8a 2 15 − 9 ln 2 − 9γ E − 9 ln(a) + 
Si(a) is sine-integral function and Ci(a) is cosine-integral function. In the low frequency limit a 1, η(a) ≈ a 2 (1 − µ 2 1 )(1 − µ 2 2 ) and we recover the standard results (24) and (25) . At high frequencies, the response functions for the tensor and breathing modes fall off as 1/f 2 as seen from Eqs. (27) and (29), the response functions for the vector and longitudinal modes fall off slower than those for the tensor and breathing modes due to the ln(a) term in Eq. We show the averaged angular response function for different polarizations in Fig. 6 . From Fig. 6 , we see that R A (a) is a constant at low frequencies and starts to decrease at around a = 1 or f = f * , the fall off behaviours at high frequencies confirm the above analyses and these results are consistent with Eqs. (24) , (25) and (27) (28) (29) (30) . Note that the results for the response functions apply to any equal-arm interferometric gravitational-wave detectors without optical cavities in the arms. In particular, we also show the frequency dependent antenna response function for TianQin in Fig. 6 . Although the sensitivity curves are not useful for actual data analysis, they are usually used to make a quick estimation of the detectability of the signal. Define the effective strain
where the noise spectral density is [41] P
the position noise √ S x = 1pm/Hz 1/2 and the acceleration noise √ S a = 10 −15 m s −2 /Hz 1/2 for TianQin [21] , we plot the effective stain sensitivity curves for TianQin in Fig. 7 . Following [60] , by taking SNR=1 and the observational time of one year, we construct the power-law integrated sensitivity curves, to characterize the sensitivity to a stochastic GW background for TianQin in Fig. 8 . 
V. CONCLUSION
We describe the angular and frequency-dependent response function of proposed spacebased interferometric GW detectors LISA and TianQin, for different GW polarizations.
We present analytical formulae and sensitivity curves as functions of sky location and GW frequency. These functions are presented in terms of angles in three common coordinate systems. The rotational matrices that transform one coordinate system to another one are also given explicitly. Since the angular response function is a complex scalar under three dimensional rotational transformation, we can calculate it in any convenient coordinate system.
In ecliptic coordinates, we show how the most sensitive regions for different polarizations move with time for Tianqin and LISA. For Tianqin, where it is assumed that the detector is always pointing at a single direction, at low frequencies the most sensitive regions for the tensor mode are independent of the orbital motions, so it maximizes the signal-to-noise if continuous GWs come from these regions.
In the detector frame, the detector is fixed while the source is moving with time relative to the detector. Thus, the antenna response function averaging over the source directions is independent of the orbital motions of the detectors and time. This conclusion is also independent of the choice of the coordinate systems. We derive the analytical formulae for the frequency dependent response functions for all six polarizations which are valid for any equal-arm interferometric GW detectors without optical cavities in the arms. The response functions for the longitudinal and breathing modes are degenerate at low frequencies, but they behave very differently at high frequencies.
The analytical results show that at high frequencies, the response functions for the tensor and breathing modes fall of as 1/f 2 , the response function for the longitudinal mode falls off as 1/f and the response function for the vector mode falls off as ln(f )/f 2 . By using the derived response functions, we plot the frequency dependent response functions and the sensitivity curves for TianQin detector.
We also give the power-law integrated curves for TianQin to display its ability of detecting stochastic gravitational wave background. In the ecliptic coordinate system, the TianQin's orbit r T n (t) = (X T n (t), Y T n (t), Z T n (t)), (n = 1, 2, 3) is [61] X T n (t) =R T [cos θ tq cos φ tq sin(α T n − α T 0 ) + sin φ tq cos(α T n − α T 0 )]
where (θ tq = 94.7 • , φ tq = 120.5 • ) is the location of the source J0806.3+1527 for TianQin, e T is the eccentricity of Tianqin's orbit which we set to be 0 in this paper, e = 0.0167 is the eccentricity of the Earth's orbit, R T = 1.0 × 10 5 km is the semi-major axis of the spacecraft's orbit, R = 1 AU, α T 0 and α T 0 are initial phases, α T = 2πf m t + κ 0 , f m = 1/(365 days), α T n = 2πf sc t + 2π(n − 1)/3 and f sc = 1/(3.65 days).
LISA's orbit
The LISA's orbit r L n (t) = (X L n (t), Y L n (t), Z L n (t)) in the ecliptic coordinate system is [62] X L n (t) = R(cos α Ln + e L ) cos cos
Y L n (t) = R(cos α Ln + e L ) cos sin θ Ln + R 1 − e 2 L sin α Ln cos θ Ln ,
Z L n (t) = R(cos α Ln + e L ) sin ,
where e L = (1 + 2
, L = 2.5 × 10 9 m is the arm length, R ≈ 1 AU, θ Ln = 2π(n − 1)/3, α Ln + e sin α Ln = 2πf m t − 2π(n − 1)/3 − α L0 and α L0 is the initial phase.
Appendix B: The coordinate systems
We use the index e to denote quantities in the ecliptic coordinate system, w for quantities in the wave coordinate system, d for quantities in the detector coordinate system, c denotes the coordinate system in which the unit vectorsm = (1, 0, 0),n = (0, 1, 0) and w = (0, 0, 1). For the specific detectors, we use t for quantities in TianQin's detector coordinates, and l for quantities in LISA's detector coordinates. The rotation matrix R de denotes the transformation from detector coordinates to ecliptic coordinates.
The ecliptic coordinate system
In the ecliptic coordinate system, TianQin orbits the Earth, and LISA orbits the Sun on the ecliptic plane. The unit vectors of the two arms of the detector in ecliptic coordinates {x e , y e , z e } areû
where r n (t) = r T n (t) or r L n (t). We label the location of an arbitrary source in ecliptic coordinates by the spherical coordinates (θ e , φ e ). The unit vectors {m,n,ŵ} describing the GWs are related to the ecliptic coordinates {x e , y e , z e } by the Euler rotation matrix 
where all quantities are evaluated in the ecliptic coordinate system. Eq. (B7) can be used to plot the angular response functions presented in Sec. 3.
The wave frame
In the wave frame [28] , GWs propagate along the z direction. The unit vector for one arm of the detector and the angle between the polarization axesm and the x axes is ψ 1 which is measured from the point where the plane of the first arm with the unit vectorû and the propagation vector intersects the plane containing the principal polarization vector [28] . To characterize the unit vector for the other arm of the detector, we follow [28] to introduce , which is the angle between the plane containing vectorû andŵ and the plane of the interferometer as shown in Fig. 9 .
FIG. 9. The wave coordinate system [28] . GWs propagate along the z direction. One arm of the detector (û) locates on the x − z plane with the inclination angle θ 1 and the opening angle between the two armsû andv is γ. The angle between the polarization axism and the x axis is ψ 1 , and is the angle between the plane containing the vectorsû andŵ and the plane of the interferometer.
Using the geometric relations in Fig. 9 , we havê u w = (sin θ 1 , 0, cos θ 1 ), (B8) v w = (cos γ sin θ 1 − sin γ cos θ 1 cos , − sin γ sin , cos γ cos θ 1 + sin γ sin θ 1 cos ), (B9) w = (0, 0, 1), (B10)
In the wave frame, the angular response function is
where cos θ 2 = cos γ cos θ 1 + sin γ sin θ 1 cos . So 
(sin γ cos θ 1 cos sin ψ 1 − sin γ sin cos ψ 1 − cos γ sin θ 1 sin ψ 1 ) cos θ 2 T (f, cos θ 2 ), (B17)
Using Eqs. (B14-B19) with Eq. (26), we can obtain the results (27) (28) (29) (30) .
Since the polarization angle is ψ 1 , the rotation matrix R we between wave coordinates and ecliptic coordinates is
The detector frame
The detector coordinate system is chosen such that the two arms of the detector keep fixed on the x − y plane with one lying along the direction (cos(γ/2), − sin(γ/2), 0) and the other lying along the direction (cos(γ/2), sin(γ/2), 0) [27, 63] , here γ is the opening angle between the two arms of the detector. The source is located in the direction (θ d , φ d ). The detector coordinate system is shown in Fig. 10 . Sô
In the detector frame, the angular response function is 
where T u = T (f, − sin θ d cos(φ d + γ/2)) and T v = T (f, − sin θ d cos(φ d − γ/2)). 
The rotation matrix R wd between the detector coordinates and the wave coordinates is 
where α ot = 2πf sc t+π −α T 0 and α T 0 is the initial phase. We can also obtain the relationship between the source location (θ t , φ t ) in detector coordinates and (θ e , φ e ) in ecliptic coordinates for TianQin by using (sin θ t cos φ t , sin θ t sin φ t , cos θ t ) = (R te ) −1 · (sin θ e cos φ e , sin θ e sin φ e , cos θ e ), which tells us how an arbitrary source moves with time in detector coordinates. We can also verify that R te ·û d =û e and R te ·v d =v e .
For LISA, the detector coordinates {x l , y l , z l } is related to the ecliptic coordinates 
where α ol = 2πf m t − α L0 , and β = π/3 is the inclination of the detector plane to the ecliptic plane, α L0 is the initial phase. Thus, the rotation matrices R ts and R ls between the detector frame and the wave frame for TianQin and LISA are
